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Devil’s staircase phase diagram of the  FQHE
in the thin torus limit
Pietro Rotondo Piergiorgio Ratti Marco GherardiLuca G Molinari
- We map the Quantum Hall Hamiltonian restricted to the 
subspace of the lowest Landau level (in the thin torus limit: 
Lx << magn. length << Ly) to a 1D long-range lattice model 
(exactly solved by Hubbard)
- Going back, we qualitatively reproduce the experimental 
diagram of transverse resistance vs B of FQHE
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FQHE - EXPERIMENT LATTICE CRYSTAL
SUMMARY
2D	electron	gas	
T	~	100	mK	or	less	
B	~	tens	of	Tesla
Vxx
Vxy
Hall effect
Rxy = Vxy/I
   = B/ne
I
Rxy =[h/e]1/f
  f = filling fraction = N/deg of LL
2
f<1,	LLL
- more than 60 plateaux in LLL
- particle-hole asymmetry of plateaux (see 2/3 and 1/3) 
- absence of even denominators (few exceptions as 5/2)
- average linearity
- Rxx small where Rxy is flat (energy gap)
IQHE (1980)
IQHE
Klaus von Klitzing
Max Planck 
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Columbia
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For their discovery 
of a new form of 
quantum fluid with 
fractionally charged 
excitations
FQHE (1981)
f>1
FQHE
IQHE (edge or bulk currents?)
Disorder broadens LL into bands of 
localized states and a core of 
conducting states
Increase B 
= increase degeneracy of LL 
= Fermi Energy moves down (fixed 
density) and crosses localized states 
(plateaux) and LL cores (jump of R)
FQHE Coulomb interaction and formation of 
quasiparticles that undergo IQHE  
(Haldane, Jain, Moore, Halperin, Laughlin, Wen, ...) 
Supplementary Material to “Devil’s Staircase Phase Diagram of the Fractional
Quantum Hall E↵ect in the Thin Torus Limit”
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I. DERIVATION OF THE YOSHIOKA AND TAO-THOULESS FORMULAE FOR THE LLL COULOMB
MATRIX ELEMENT
The earliest numerical calculations of the ground state for FQHE including Coulomb interactions for various filling
fractions were done by Yoshioka et al. [? ? ]. Here we provide the details of their evaluation of eq.(2), in the lowest
Landau level. The geometry is that of a periodic array of rectangles with sides Lx and Ly and area LxLy = 2⇡`2Ns,
where Ns is a natural number; ! is the rectangle [0, Lx] ⇥ [0, Ly]. From the Ns degenerate LLL eigenstates with
centers in !
 s(r) =
1p
Ly
1
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1
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`
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  2⇡`
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  i2⇡
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#
, 0  s  Ns   1 (1)
one constructs a basis of orthonormal quasi-periodic eigenstates: ✓s(r) =
P
m2Z  s+mNs(r).
An electron in ! interacts with electrons in ! as well as with their copies. The Coulomb interaction depends on
r = r1   r2 and is a periodic function of the lattice;
v(r) =
X
m2Z2
e2p
(x+mxLx)2 + (y +myLy)2
It has Fourier expansion v(r) = 1LxLy
P
q v(q)e
iq·r where qx = 2⇡Lxnx and qy =
2⇡
Ly
ny and v(q) =
R
! dr v(r)e
 iq·r =
2⇡e2
|q| . In the Fourier representation the integrals for Coulomb matrix elements factorise:
hs1, s2|v|s3, s4i =
ZZ
!2
dr1dr2 ✓s1(r1) ✓s2(r2)v(r1   r2)✓s3(r1) ✓s4(r2) =
1
LxLy
X
q
v(q)I1,3(q)I2,4( q)
The integrals Is,s0(q) are independent of the potential, and are now evaluated:
Is,s0(q) =
Z
!
dr✓s(r)✓s0(r) exp(iq · r) = e 
1
4 |q|2`2+iqx ⇡`
2
Ly
(s+s0)
 0s s0+ny,0
where  0 means equality modulo Ns.
Electrons in the l west Landau level
H 	ELL(B)N	+	V(ee,B)
2
Proof. The integral in y is straightforward:
Is,s0(q) =
X
mm0
 s s0+(m m0)Ns+ny,0
Z Lx
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i2  12 h x m0Lx`   2⇡`Ly s0i2+iqxx
= e
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0)  i2 qx`
 2
The double sum involvesm+m0 = µ andm m0 = ⌫, andPm,m0 f(m+m0,m m0) =Pµ,⌫ f(2µ, 2⌫)+f(2µ+1, 2⌫+1).
Therefore:
Is,s0(q) =e
  14 |q|2`2+iqx ⇡`
2
Ly
(s+s0)X
µ,⌫
h
 s s0+2⌫Ns+ny,0
Z Lx
0
dx
`
p
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e
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0
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0)  i2 qx`
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The sum on ⌫ produces a Gaussian integral on R. The two integrals have the same value. The final result is
obtained.
The Coulomb matrix element is:
hs1, s2|v|s3, s4i = 1
LxLy
X
q
2⇡e2
|q| e
  12 |q|2`2+iqx ⇡`
2
Ly
(s1+s3 s2 s4) 0s1 s3+ny,0 
0
s2 s4 ny,0
The two constraints imply momentum conservation: s1 + s2 = s3 + s4 modulo Ns. Eq. (2.9) in Yoshioka’s paper [? ]
is obtained:
hs1, s2|v|s3, s4i =  s1+s2,s3+s4
LxLy
X
q
2⇡e2
|q| e
  `22 q2+iqx 2⇡`
2
Ly
(s3 s2) 0s3 s1,qyLy/2⇡ (2)
It is an exact formula. The Tao-Thouless formula is now obtained. First use the constraint  0 to sum on qy:
hs1, s2|v|s3, s4i =  s1+s2,s3+s4
2⇡e2
LxLy
X
qx
e
  `22 q2x+iqx 2⇡`
2
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Next, approximate the sum on qx by an integral (
P
qx
⇡ Lx2⇡
R
dqx) and neglect terms m 6= 0 because of the exp factor.
Eq.(3) in Tao and Thouless, [? ] is obtained:
hs1, s2|v|s3, s4i = e
2
Ly
 s1+s2,s3+s4e
  2⇡2`2
L2y
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Z 1
 1
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2
L2y
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(3)
With q` = t the matrix element is (conservation of momentum is not specified):
V =
2e2
Ly
e
  2⇡2`2
L2y
(s3 s1)2
Z 1
0
dt
e 
t2
2r
t2 +
h
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i2 cos
✓
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`
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◆
(4)
II. THIN TORUS LIMIT
In the limit Lx ⌧ ` (thin torus limit) the cosine function equals one. The integral is a Bessel function
V (s13) =
e2
Ly
e
 ⇡2`2
L2y
(s3 s1)2
K0
✓
⇡2`2
L2y
(s3   s1)2
◆
It	is	funcEon	of	s(3)	-	s(1)	and	s(3)	-	s(2)	mod	Ns>>1	
V	can	be	diagonalized	if	s(3)-s(2)=0	
(exact	in	the	thin	torus	limit,	Bergholtz-Karlhede, 2008)
(Tao and Thouless, torus geometry)
(Jacobi theta functions in torus geometry)
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THIN TORUS LIMIT Lx << ell << Ly
The right-hand-side is a lattice Hamiltonian with 
long-range interaction, chemical potential mu(B)
k=1,	...	,	Ns	>>	1 (degeneracy of LLL)
The exact g.s. was obtained by Hubbard. 
Change from periodic lattice s=	1...Ns	to dual latt. via DFT
Find	the	GS	occupaEon	numbers	n	=	0,1	
(minimum	of	E	with	given	density)	
A	universal	answer	if
1)	V(m)	>	0	and	decreases	to	zero
2)	V(m+1)	+	V(m-1)	>	2	V(m)
PH YSICAL REVIEW B VOLUME 17, N UMBER 2 15 JANUARY 1978
Generalized Wigner lattices in one dimension and some applications to
tetracyanoquinodimethane (TCNQ) salts
J. Hubbard
IBM Research Laboratory, San Jose, California 95193
(Received 7 September 1977)
Estimates show that both the on-site and the near-neighbor electrostatic interactions in
tetracyanoquinodimethane chains may be much greater than the bandwidth. A method of determining the
exact ground state when the interactions are dominant is described; the electrons are found to have a
periodic arrangement which may be regarded as a generalization of the classical Wigner lattice. It is shown
how the optical spectra may be interpreted in terms of such a configuration; also that such arrangements
may give rise to lattice distortions manifested as satellites in the x-ray diffraction pattern.
E[n1, n2 . . . ] =
P
a,b V (|b  a|)nanb   µ
P
a na
Ground state of  period q with p particles
(filling ratio p/q)
q=5																																					q=7
p=1	10000	10000	....							p=1	1000000	1000000	....		
p=2	10100	10100	....							p=2	1001000	1001000	....
p=3	11010	11010	....							p=3	1010100	1010100	....
																																												
Spacings	are	n,	n-1,	n+1,	with	n	=	[q/p].	
The	sequence	is	obtained	from	the	conEnued	
fracEon	expansion	of	q/p	(Hubbard)
-	parEcles	wish	to	stay	as	far	as	possible	
		but	the	la]ce	constrains	their	posiEons;
-	q-fold	degeneracy	of	gr.	state	for	1-site	shi_;
-	parEcle-hole	symmetry	(exchange	n	with	1-n).	
A hierarchy of ground states
by continued fraction expansion of p/q
GENERALIZED %IGNER. LATTICES IN ONE DIMENSION AND. . .
TABLE II. Generalized-signer-lattice configurations.
{a)
{c)
(d)
(e)
Density
1
3
2
5
3
7
3
8
10
23
3
5.
3
4
4
7
1
2
1
2.
Period
5
5
223
322
{223)2233
122
122
123
Configuration
100100100.. .
100101001010010. .
10101001010100. .
1001001010010010. .
101010010$0100101010100...
1101011010. .
111011101110.. .
11010101101010. .
1010101010.. .
110011001100. .
p =.(m+ 1)/(mn+ n+ 1)= [n+ 1/(m+ 1)] ', (9)
where n, m are integers, the 'arrangement con-
sists of periodically repeating configuration with
period nm+n+ 1, the m+ 1 electrons in each peri-
od arranging themselves with m intervals n and
one interval n+1 [see, e.g. , Table II, line (c)];
we introduce the notation n (n+ 1) for this ar-
rangement and p„ for the corresponding density
given by (9).
For densities of the form
p = (m+ 1)/(mn+ n 1)= [n —1-/(m+ 1)] ', (10)
where n, m are integers, the period is mn+ n —1
and the rn+ 1 electrons in each period are ar-
wards; it is satisfied, for example, by the ordi-
nary Coulomb potential, and by all the potentials
given in Table I.
The ground-state configurations for p ~-, may bedescribed as follows (the proofs of the various
statements are outlined in the Appendix). If p
2 3 ~, 1/n, ~ ~ ~ (n is an integer), it is easy
to see that for a Coulomb potential the lowest-en-
ergy configuration is that in which all the elec-
trons are equally spaced a distance n neighbors
apart; this is the one-dimensional analogue of the
classical Wigner lattice' which is the ground state
of a very-low-density electron gas in three dimen-
sions.
Suppose now that p does not take one of the spe-
cial values 1/n. The next simplest case is that in
which p has the form —,' —', , . . . , 2/2n+ 1, . . . (n is an
integer), in which case the electrons arrange
themselves alternately at intervals of n and n+ 1
[ see, e.g. , Table II, line (b)]. In fact, for any
density p between 1/n and 1/(n+ 1) the intervals
between electrons are always equal to either n
or n+ 1. For densities of the special form
ranged with m intervals of n and one interval ofn-1, i.e., according to n"(n —1) [see, e.g. , Ta-
ble II, line (d)].
For p not given by (9) or (10) the arrangements
are more complicated. For example, if the den-
sity p is between p„and p„, the configuration
is entirely made up of sequences of the form
n (n+ 1) and n""(n+ 1) and, for example, for den-
sities p of the particular form
1/p = n+ (P + I)/[P(m+ 1)+ m+ 2],
where n, m, p are integers the periodically repeat-
ing unit consists of the sequence n (n+1) repeated
P times followed by the sequence n '(n+ 1), i.e.,is [n (n+ I)]»n""(n+ 1) [see, e.g. , Table II, line(e)].
In fact, guided by the considerations of the Ap-
pendix, one may find the configurations correspon-
ding to any rational value of p. The configuration
corresponding to the value p=p/q (p, q are inte=
gers with no common factor) is periodic with per-
iod q and P electrons in each period. 'The arrange-
ment of the electrons in each period may be deter-
mined by the following algorithm:
(i) Define the integers k, n, n„n„.. . , n» by the
following equations:
1/p=n+r, ,
~
I/r, ~=n, +r, ,
i1/r, i=n, +r, ,
I 1/r. .I-n»-, + r»-
where for all s, =,' &r, ~ —,' (the sequence must ter-
minate for rational p).
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(r, = 4, 5; r2 -9; r3 =13, 14....... . . . )
qjl 0.45
=„-', tlltllt llltll
( ri = 3, 4; r2 - 6, 5; r3 - 9, 10; r& =13„.... )tttlt tt/tttl
(r& = 1. 2; r2 =2.3; r3= 4.... ........ )
~-)"~ t l l l l j l l l l l l l l
( rj =15; r2 = 30 ... .. . . .... )
FIG. 1. Typical stable spin configurations with q
the ratio of up spins over down spins.
0.8—
0.2—
1.66
I
V6 lt
6 -H
X, =r~ =np/m. The sum of all pth-nearest-
neighbor distances must fulfill the obvious re-
lation
Q,X, =PN. (3)
Figure 1 shows some typical configurations. The
relations (2) and (3) are all we need to calculate
exactly the stability intervals for all. possible
rational fractions of up spins.
Consider the situation where the chain is de-
formed into a loop of length N. The phase char-
acterized by q =m/n is stable as long as it costs
FIG. 2. The devil's staircase. The ratio of up spins
over down spins q is plotted vs the applied field H for
an interaction J(i) = i . Inset: The area in the
square magnified 10 times.
energy to flip one up spin down, or flip one down
spin up, and rearrange the new configuration to
minimize the energy.
We calculate first the cost of fl.ipping one down
spin. There is now one more pth-nearest-neigh-
bor interaction. Since (2) and (3) must still hold,
r~ pth-nearest-neighbor distances r~+ 1 must be
replaced by r~ + 1 pth-nearest-neighbor distances
X,.~ =r~, and the total change in energy is
b. U(& —& ) = 2H + 4(r, + 1)J(r,) —4r,J(r, + 1)+ 4(r, + 1)J(r,)—4r,J(r, + 1)+. . .
+4nJ(n —1)—4(n —1)J(n)+. . . + 8nJ(2n —1)—4(2n —1)J(2n)+. . .
where x =n, r, =2n, . . . , have been inserted. Simil. arly the energy cost of flipping one up spin is
U (& —&) = —2H —4(r, + 1)J(r,) + 4 r,J(x, + 1)—4(r, + 1)J(r,) + 4rP(r, + 1)—.. .
—4(n+1)J(n)+4nJ(n+1) —.. . —4(2n 1+)J(2n) 8+nJ(2n+1) —.. . .
(4a)
(4b)
The interval in H, &H(m/n), where the phase is stable is determined simply by setting (4a) and (4b)
equal to zero, respectively:
~EH(q =m/n) =nJ(n+ 1)+nJ(n —1)—2nJ(n)+ 2nJ(2n+ 1)+2nJ(2n —1)—4nJ(2n)+. . .
+pnJ(pn+ 1)+pnJ(pn - 1)—2pnJ(pn)+. . . .
Note that hH is independent of the numerator rn.
If we make the assumption that the interaction 4
is of infinite range and convex, J(i+1)+J(i —1)
—2J'(i) & 0, then AH(m/n) is positive and finite for
all values of re~ and n. Also, it is easy to show
that if ~H is summed over all rational values the
whole interval of 8 is "filled up. " We have thus
proven the existence of the complete devil's stair-
case for a vt. ry general class of interactions, in-
cluding the power-law interactions expected for
the intercalation compounds, and the exponentially
decaying Coulomb interactions expected for the
neutral-ionic transition.
250
! Figure 2 shows q vs H. An interaction J(i)
= i ' was chosen. Only phases which are stable
in an interval AH/J(l) &10 ' are shown. The
curve has no finite jumps. To illustrate the self-
similarity of the function a part of it has been
magnified by a factor 10 in the ins, et.
The states formed by flipping one spin starting
from a simple commensurate phase with q = 1/m
have a simple structure. Figures 3(a) and 3(b)
show the q =—,' phase and the configuration which
has one more up spin. Th~ee defects are formed
(infinitely far apart for an infinite system) al-
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One-Dimensional Ising Model and the Complete Devil's Staircase
Per Bak
Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, and
H. C. @rsted Institute, DE-2100 Copenhagen g, Dennnzxk
and
R. Bruinsma
Brookhaven Sationa/ Laboratory, Upton, Bezel York 11978
(Received 18 March 1982)
It is shown rigorously that the one-dimensional Ising model with long-range antiferro-
magnetic interactions exhibits a complete devil's staircase.
PACS numbers: 05.50.+q, 75.10.8k
Periodic modulated systems are quite common
in solid-state physics. In general there is a ten-
dency for the periodicity to lock into values which
are commensurable with the lattice constant. ' As
a parameter is changed, the system may pass
through several commensurate phases which may
or may not have incommensurate phases between
them. In particular, Bak and von Boehm argued
that the three-dimensional anisotropic Ising mod-
el with next-nearest-neighbor interactions has an
infinity of commensurate phases. ' At high tem-
peratures there are probably also incommensurate
phases, ' but at low temperatures the commensu-
rate phases are generally separated by first-
order transitions in this model.
In principle the periodicity may assume every
single commensurable value in an interval. Since
the rational. numbers are everywhere dense, two
steps in the function showing the periodicity ver-
sus the parameter are then always separated by
an infinity of more steps. This structure is
called the devil's staircase. ' If the commensurate
phases "fill up" the whole phase diagram the
staircase is called complete. It has been specu-
lated that the Frenkel-Kontorowa model (an array
of classical particles, connected by springs, in
a periodic potential) exhibits the complete devil' s
staircase, but until now onl, y numerical arguments
have been available. ' In this paper it is shown
rigorously that the ground state of the one-dimen-
sional Ising model with convex long-range anti-
ferromagnetic interactions has a complete devil' s-
staircase structure. To our knowledge, this con-
stitutes the first proof of the existen e of the
complete devil's staircase in any model. .
For simplicity we write the Hamiltonian in the
following asymmetric form (which, of course, is
completely g neral):
H= Q, HS, +s+,,J(i-. j)(S ,. +1)(S,+1),
where the summation is over the A spins in the
chain, and S,. = + 1. Only "up" spins (S=+ 1) in-
teract.
The model. has some rather direct physical ap-
plications. Safran' has applied the model to the
phenomenon of "staging" in graphite intercalation
compounds. 8, =1 indicates the existence of a
layer of intercalated atoms at the ith graphite
layer and S,. = —1 indicates the absence of inter-
calated ions. J(i —j) is thus essentially the inter-
action between intercalated layers, and B is a
chemical potential for the layers. Hubbard and
Torrance' suggested that the model may explain
certain features of the "neutral-ionic" transitions
observed in some mixed-stack organic charge
transfer salts by Torrance et al. ' J(i-j) is then
the Coulomb repulsion between ionic planes and0 is the difference I-A between the donor ioniza-
tion potential I and the acceptor electron-affinity
A. Both argue that an infinity of phases may oc-
cur, but the precise nature of the phases has not
been specified.
For a given magnetization (number of "up" spins
minus number of "down" spins) the problem of
minimizing (1) is equivalent to the problem of ar-
ranging a number of charged particles on N sites
so as to minimize the Coulomb energy. This
problem has been solved by Hubbard" and by
Pokrovsky and Uimin. " Some simple properties
of the stable configurations are important for our
purpose. Let X,.' denote the position of the ith up
spin, and let X,' be the distance to the next up
spin. Similarly, X,~ is the distance to thePth-
nearest up spin, X,. =X p X' ~ If the fraction
of up spin is q =m/n it can be shown that the en-
ergy is minimized if for all sites, then
X, =rp or rp +1,
where r~ &np/m &r~ + 1. For P/q =Pn/m integer,
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 µ = 2q
P1
k=1 k[V (kq + 1) + V (kq   1)  2V (kq)]
1/2
1/3
2/3
1/4
3/4
1/5
2/5
3/5
4/5
=p/q
The g. s. configuration [n(1),n(2),...]
for p/q is independent of the potential.
The widths of the plateaux depend on the potential.
Same period q gives same widths. 
Surprisingly, nobody ever translated the plot density - 
mu of the lattice gas to a plot inverse density - B for 
the thin torus FQHE
While rescaling mu ~ 1/B, plateaux with same q 
become narrower for higher p as experimentally 
observed.
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LLL
- Rescaling in B gives particle-hole asymmetry of plateaux (see 2/3 and 1/3) 
- absence of even denominators (few exceptions, as 5/2)
- average linearity
QHE - experiment Lattice crystal
IQHE
FQHE
Absence of even denominators
symmetries & Fermi statistics
Magnetic Translations
commute with U and H(r)
Discrete Fourier
transform (L=Ns)
it corresponds to a 
unitary operator
Symmetries of Hamiltonian on the torus
true for all M if q=odd (p and q are coprime)
 (z1 . . . zn) =
Y
i<j
(zi   zj)m exp(  14`2
X
k
|zk|2)
What	is	the	analogous	of	the	Thin	Torus	limit	
in	the	symmetric	gauge	?
QHE	as	a	2D	Wigner	crystal?
Laughlin’s	ansatz	for	GS	for	ﬁlling	1/m	is	surprisingly	
good.	What	is	its	expansion	on	a	basis	of	Slater	states?
